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The blades of a wind turbine rotate that in-turn spins a turbine inside, generating electricity.
With varying wind speeds, the blade pitch can be slightly adjusted to regulate the turbine so
that it is generating power at an optimum rate. This can be modelled as a linear system, and
we explore the stability of this system and it’s components with system gain K, torque of the
generator 7, damping ratio ¢, and natural frequency of the system w.

We shall first begin by finding the poles of the transfer function

1 Kuw?
75+ 1 82+ 2Cws + w?

G(s) =

for constants w,7,{ > 0 and K € R. We can clearly see by the denominator of G(s) that
s = —1/7 is a pole for this transfer function. The other poles are calculated by letting

s+ 2ws +w? =0
and then completing the square.

s+ 2qws +w* =0
= (s+Cw)?-Cw+w’ =0
(s + (w)* =w*(¢* = 1)
s=—(Cwtwy/(?—-1
—w (£ 1),

—
—

giving us three poles for G(s), namely
S1 = —1/7'
52 = w(=C+ /T 1)
s3=w(—C— v -1).

As 7 > 0, we can see that s; is negative and hence lies in the complex left half-plane (LHP). As

C,w>0also, for0 < (<1
P-1<0 = 2 -1€C,

VEZ-1<( = —(+£/-1<0,

so s and sz both lie in the LHP meaning that G(s) is a stable function.
We now introduce the PID controller

and for ¢ > 1

as® + bs + ¢
S

V(s) =

for some a, b, c. To obtain the transfer function

L(s) !

T 1+ V(s)G(s),
which is the systems sensitivity to disturbances, and the related transfer functions

Vi(s) G(s) V(s)G(s)
14+ V(s)G(s)” 14+V(s)G(s)” 1+V(s)G(s)’
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we shall define the matrix W(s) such that

B(s) = 1 1 G(s)
T 1+ V(s)G(s) [V(s) V(s)G(s)
_ |:\Ijl,1 (S) ‘;[1172(8):|
\11271 (S) \11272(S> '
We can see that Wy 4(s) = L(s), ¥ia(s) = %, Uyi(s) = %, and Uys(s) =
%, which is the closed loop transfer function.
We start by substituting P(s) and V(s) into ¥(s),
B(s) = 1 1 G(s)
S THVIG0) V() V(SG)
) 1 Kw?
1 75+ 182+ 2¢ws + w?
L+ V(s)G(s) as® 4+ bs + ¢ as® +bs +c 1 Kuw?
s s 7s + 1 52+ 2¢ws + w?
B 1 1 s(Ts +1)(s* + 2Cws + w?) Kw?s
14 V(s)G(s) A(s) [(as® +bs+c)(Ts +1)(s* + 2ws +w?)  kw?(as® 4+ bs + ¢)
(1.1)
with A(s) := s(7s + 1)(s* + 2¢ws + w?).
Now ﬁndlng m7
as®’+bs+c 1 Kw?
1+ V(s)G(s) =1 :
+V(5)G(s) + s 7s+ 1 2+ 2¢ws + w?
815 +1)(5% + 2Cws + w?) + (as® + bs + ¢) (Kw?)
s(ts +1)(s% + 2¢ws + w?)
1 B s(Ts +1)(s* + 2Cws + w?)
1+ V(s)G(s)  s(rs+1)(s2 4+ 2Cws + w?) + (as? + bs + ¢)(Kw?)
A(s)

for A(s) := s(1s + 1)(s* + 2Cws + w?) + (as? + bs + ¢)(Kw?), we notice that by (1.2) and (1.1])

we obtain

1 s(1s 4+ 1)(s* + 2¢ws + w?) Kw?s

P(s) = A(s) [(as? +bs+c)(Ts + 1)(s® + 2(ws + w?)  kw?(as® + bs + ¢)
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with
B 1 _ s(rs 4+ 1)(s* + 2Cws + w?)
Lo = ivma ~ Y A(s) ’

1+ \C/;(f))G(s) = Tals) = %’
V(s) 0y (s) = (as? + bs+ ¢) (s + 1)(s* + 2¢ws + w?)

TTV(5GE %) ’

V(s)G(s) _ Wy o(s) = Kuw?(as* + bs + ¢)
1+ V(s)G(s) A(s)

Using this, we can see that L(s), ¥q(s), Wa1(s), and Wys(s) are all stable when the poles of
1/A(s) lie in the LHP. Expanding A(s), we get

A(s) = 75* + (27¢w + 1)8* + (Tw? + 2Cw + aKw?)s® + (W? + bKw?)s + cKw’.

We now define a Hurwitz polynomial before introducing the Routh Array needed for the Routh-
Hurwitz stability criterion.

Definition (Hurwitz). An n-th order polynomial
p(8) = aps" + ap_15" 1+ +ais +ag

with a; € R for i € Ny, a,, > 0, and ag # 0, is a Hurwitz polynomial if its roots lie in the open
left half-plane.

Definition (Routh Array). The Routh Array for a polynomial p(s) is defined as

n

S Qp Ap—2 Qp—4g
SN Gpy Gy Gps
Sn_2 b1 bg bg
s3] o Co 3

s

= dy dy ds

52 el €9 0
S1 fl 0 0
s? 7 0 0
for coefficients
Ap—10p—2; — Qpln—(2i41) blan7(2i+1) — ap-1bit1 c1biy1 — biciy
bi — ) C; = b ) dl - 9 e
ap—1 1 C1

The coefficients for the Routh Array are calculated from the Hurwitz determinants which is left
for the interested reader (see |Peet/|[2014]).

Theorem: Routh-Hurwitz. p(s) is Hurwitz if and only if each element of the first column
of the Routh Array is positive.
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We omit the proof which is left for further reading (see Anagnost and Desoer| [1991]).

Using A(s), we start by finding the Routh Array and then setting up inequalities based on
its stability. So the Routh Array for A(s) is

st w2 + 1w+ aKw) cKw?
s3 | 21w + 1 w?(1+ bK) 0
w?(1+ 0K
s? | w(2¢ + 7w+ aKw) — % cKw? 0
Kw(2tw( 4 1)
st | w?(1+0K) — cRw(2rw +1) 0
(21w +1)(2¢ + 7w + aKw) — Tw(1 + bK)
sV | cKw? 0 0

which implies A(s) is stable by Routh-Hurwitz when

0<2rw(+1
7w (1 + bK)
2rwC +1
cKw(2Tw( + 1)?
(21w + 1)(2¢ + 7w + aKw) — Tw(1 + bK)

0 <w(2(+ 7w+ aKw) —

0 <w?(1+bK) —
0 <cKw?

for w,7,( >0 and K € R.

We will explore Nyquist plots and stability for specific values, using the inequalities above to
check stability, so let us first consider when w = 10, 7 = 8, ( = 0.05, and K = 5000. Letting
a = 0.002, b = 0.0003, and ¢ = 0.001, we check that

9=27w(+1

14209 7w*(1 4 bK)
Y (2 Ko)— — 7"/

5 w(2¢( + 1w + aKw) Pt 11
41274 Kw(2 +1)2
M2 214 b)) — cKw(2r¢ +1)

167 (27wC + 1)(2¢ + 7w + aKw) — Tw(1 4+ bK)

500 = cKw?

are all greater than 0. Plotting the Nyquist diagrams for L(s) (Figure [1)) and the closed loop
transer function Wy 4 (s) (Figure [2), we see that as neither winds around —1, both are stable (see
Appendix for MATLAB code and Appendix for confirmation of stability for ¥, 5(s)
& \11271<S)).
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Figure 1: Nyquist plot of L(s)
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Figure 2: Nyquist plot of Ws5(s)
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We can also confirm this stability by observing that the poles of L(s) and s 5(s) lie in the LHP

(Figures [3al & see for code).
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(a) Pole-Zero plot for L(s) (b) Pole-Zero plot for Wy o(s)
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Figure 3: Pole-Zero maps (x-pole, O-zero)

Now let us consider 7,(,w, K, b, and ¢ as above, but let a = —0.002. We see that as

Tw(1+bK) 3791
2rw¢ +1 9

w(2( + 7w + aKw) — <0,

L(s) and its related transfer functions are not all stable. By plotting the Nyquist plot of L(s)
and Wy 5(s) (Figures [4] & [5) we see that although Wy (s) is stable, L(s) wraps around —1 and is
therefore not stable.

Figure 4: Nyquist plot of L(s)
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Figure 5: Nyquist plot of Ws(s)
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In conclusion, there exists a PID controller such that not only the wind turbine as a whole is
stable, but also each individual component, such as the generator and pitch motor, is stable. We
also observed that changing this PID controller slightly can lead to some components becoming
unstable, whilst others remain stable.
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A MATLAB code

Define variables and transfer functions

>>
>>
>>
>>
>>
>>
>>
>>
>>

>>

>>

>>

syms a bct z K w;

a=0.002;

b=0.0003;

c=0.001;

K=5000;

z=0.05;

t=8;

w=10;

L=tf ([t 2*%t*zxw+l txw 2+2%z*xw w2 0], [t 2*t*zrw+l txw™ 2+2kz*y+a*xK*ry~2
W™ 2+b*xKxw"2 c*Kxw~2]);

P12=tf ([K*xw~2 0], [t 2*%t*z*w+l t*w 2+2*zxw+a*xK*w™2 w 2+b*xK*w~2 c*xKxw~2]);
P21=tf ([a*xt 2%axt*xz*xw+b*t+a arxt*w 2+2*b*xtxz*w+ckxt+2ka*xzxw+b bxt*xw  2+2*ckxz*xwkxt
+axw " 2+2xbkxzxw+c cxtFxw 2+b*xw 2+2kckzkw cxw 2], [t 2ktxzkw+l trxwT2+2xzkw+axKxw "2

W™ 2+b*Kxw"2 cxKxw~2]);

P22=tf ([a*K*w™2 b*K*w~2 cxKxw 2], [t 2¥t*xzxw+l txw 2+2xzxw+axKxw 2 w 2+b*xK*xw"2
cxKxw"2]) ;

A.1.1 Figures[I] and

>>
>>

nyquist (L)
nyquist (P22)

A.1.2 Stability of U, (s) and ¥q,(s)

>>

ans

isstable(P12)

logical

1

>>

ans

Stability of Wy 5(s) is true

isstable(P21)

logical

1

A.1.3 Figures [3al and

>>
>>
>>

pzmap (L)
x1im([-0.6,0.1])
ylim([-20,20])
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>> pzmap (P22)
>> x1im([-0.6,0.1])
>> ylim([-20,20])

A.1.4 Figures[4 and
>> a=-0.002;

>> nyquist (L)
>> nyquist (P22)

10
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